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Hybrid Control Models and Tools for Biological Regulatory Networks: Final Report

ABSTRACT

This report describes the research completed under Research Agreement DAAD19-03-1-0373, awarded to Stanford University as part of
DARPA's BioComputation Program. The overall goal of this research is to design mathematical models and analysis techniques, based on
control theory and hybrid systems, to help understand intra- and inter-cellular biological regulatory networks. One of the products of this
research was integrated into the BioSPICE tool, developed by SRI and providing a common framework for the different methods developed
as part of the BioComputation program.

The research performed under this agreement produced: (i) a procedure, based on deterministic and stochastic hybrid system reachability
tools, for identifying parameters of different biological systems; (ii) a technique for identifying parameters for continuous state models of
protein regulatory networks; (iii) new insights, provided by these tools, into the operation of the mechanisms behind Planar Cell Polarity in
Drosophila wings, and into the survival analysis of Bacillus subtilis.
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Hybrid Control Models and Tools for Biological Regulatory Networks
C.J. Tomlin, J. D. Axelrod, and S. Shankar Sastry

Statement of the Problems Studied

The overall goal of this research is to design mathematical models and analysis
techniques, based on control theory and hybrid systems, to help understand intra- and
inter-cellular biological regulatory networks. The research performed under this
agreement produced: (i) a procedure, based on deterministic and stochastic hybrid system
reachability tools, for identifying parameters of different biological systems; (ii) a
technique for identifying parameters for continuous state models of protein regulatory
networks; (iii) new insights, provided by these tools, into the operation of the
mechanisms behind Planar Cell Polarity in Drosophila wings.

The procedure for hybrid system reachable set calculation was integrated into the
BioSPICE tool, developed by SRI and providing a common framework for the different
methods developed as part of DARPA’s BioComputation program.

Summary of the Most Important Results
(i) Hybrid systems models for parameter identification in biological systems

Hybrid automata are an eminently suitable modeling framework for biological protein
regulatory networks, as the protein concentration dynamics inside each biological cell are
modeled using linear differential equations; inputs activate or deactivate these continuous
dynamics through discrete switches, which themselves are controlled by protein
concentrations reaching given thresholds. This research proposed an iterative refinement
algorithm for computing discrete abstractions of a class of deterministic hybrid automata
with piecewise affine continuous dynamics and forced discrete transitions, defined
completely in terms of symbolic variables and parameters. Furthermore, these discrete
abstractions are utilized to compute symbolic parametric backward reachable sets from
the equilibria of the hybrid automata, that are guaranteed to be exact or conservative
under approximations. The algorithm was implemented using MATLAB and QEPCAD,
to compute reachable sets for the biologically observed equilibria of the multiple cell
Delta Notch protein signaling automaton with symbolic parameters. The results were
analyzed to show that novel, non-intuitive, and biologically interesting properties can be
deduced from the reachability computation, thus demonstrating the utility of the
algorithm [3, 7, 9].

In some cases, a stochastic model is appropriate to model the biological system in
question: we modeled the genetic network regulating the biosynthesis of subtilin in
Bacillus subtilis as a stochastic hybrid system. The continuous state of the hybrid system
is the concentration of subtilin and various regulating proteins, whose productions are
controlled by switches in the genetic network that are in turn modeled as Markov chains.
This model allows one to reinterpret the survival analysis for the single B. subtilis cell
and study it as a probabilistic, decentralized safety specification problem over a short



time horizon. Using recently developed techniques for probabilistic verification in a
stochastic hybrid systems setting, we reinterpret the above probabilistic safety problem as
a (stochastic) optimal control one, where the controls are (possibly randomized) functions
of the state-space that encode the switches in the network. Finally, the solution of this
short-time-horizon, stochastic and decentralized optimal control problem yields the
structure of the switching behaviors under study. Matching these outcomes with the data
in the literature allows concluding that the corresponding mechanisms in the subtilin
production network function with a degree of optimality, according to certain survival
criteria [8].

We introduce a special notion of Invariance Set for certain classes of dynamical systems:
the concept has been inspired by our experience with models drawn from Biology. We
claim that Box Invariance, that is, the existence of “boxed” invariant regions, is a
characteristic of many biologically-inspired dynamical models, especially those derived
from stoichiometric reactions. Moreover, box invariance is quite useful for the
verification of safety properties of such systems. This paper presents effective
characterization of this notion for linear and affine systems, the study of the dynamical
properties it subsumes, computational aspects of checking for box invariance, and a
comparison with related concepts in the literature. The concept is illustrated using two
models from biology [5, 10].

(if) A technique for identifying parameters for continuous state models of protein
regulatory networks.

A key focus of systems biology has been the development of models, at the appropriate
level of abstraction, to help understand different biological processes. This development
usually proceeds in iterative fashion, in which the structure of the model is chosen to
represent certain hypotheses about how the system operates and parameters for this
structured model are chosen. Often, the first experiment is to ask if a robust set of
parameters exists so that the model reproduces all or most of the observed biological
data. The model is tested against this actual data and for its predictive capabilities. As
new data and/or new understanding arise, the structure of the model may be altered, and
new parameters selected. In protein regulatory networks, the number of states to model
is typically large and depends on the number of proteins of interest, the parameter spaces
are large, and the most appropriate models are nonlinear functions of the states. Thus it is
becoming increasingly important to develop fast, efficient, scalable methods for large
scale parameter identification. This research identifies methods for performing automatic
parameter identification on differential equation based models of biological systems. The
first method is based on the Nelder-Mead Simplex Method [1], the second is an Adjoint-
based algorithm [4]. In both cases, the algorithm solves an optimization problem, in
which the cost reflects the deviation between the observed data and the output of the
parameterized mathematical model, and the constraints reflect the governing
parameterized equations themselves.

(iii) New insights into Planar Cell Polarity.



The algorithms described in (ii) above have led to two major advances in our
understanding of the regulatory network that controls planar cell polarity in the fly wing
epithelium. The first was to assess the feasibility of a proposed biochemical network
model to explain complex, tissue level patterns seen in a variety of mutant conditions.
Based on genetic experiments performed in the lab, the model was constructed, validated,
and used to demonstrate not only the feasibility of the proposed network model, but its
robustness. Furthermore, the model led to predictions about how to explain an unusual
class of mutant allele of frizzled, one of the genes involved. Experiments were done in
the lab to demonstrate that the predictions were correct. This work was published in [1].

The second major advance was to understand the origins of a variable mutant phenotype.
We found that disruption of polarity within clones of cells mutant for one of the signaling
components, fat, is variable. Based on observations, we proposed that a variable cell
geometry could explain the variable phenotype. Biological and computational
experiments were performed that quantified the correlation between cell geometry and
polarity disruption, and biological experiments demonstrated a cause and effect
relationship between cell geometry and polarity. Finally, the mathematical model
described in Amonlirdviman et al. was modified to run on cell geometries that are
extracted from images of real wings, and it was shown that our proposed signaling
network, when confronted with real cell geometry, explains most if not all of the
variability in fat clone phenotypes. This work is described in [2].

Finally, in recent work, we used the model in [2] to address a question concerning the
polarity with which Fat communicates with Frizzled. While the simulations in Ma et al.
provided reasonable approximations, we realized that by simulating clone boundary
effects, we could deduce the polarity of the Fat-Frizzled linkage, and indeed the
simulations demonstrate that linkage in one orientation considerably improves the result,
while linkage in the other orientation worsens it. The simulations therefore favor one
linkage. This conclusion will be tested against other biological results that should depend
on this linkage.
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